We study the expected sensitivity at Belle and Belle II for four-body τ ∓ → X ± l ∓ l ∓ ντ decays where l = e or µ and X = π, K, ρ and K * mesons. These decay processes violate the total lepton number (|∆L| = 2 ) and they can be induced by the exchange of Majorana neutrinos. In particular, we consider lifetimes in the accessible ranges of τN = 5, 100 ps and extract the limits on |V ℓN | 2 without any additional assumption on the relative size of the mixing matrix elements. For an integrated luminosity collected of 1 ab −1 at Belle, we found significant sensitivity on branching fractions of the order BR(τ ∓ → X ± l ∓ l ∓ ντ ) ∼ 10 −8 . For an integrated luminosity expected of 50 ab −1 and intermediate luminosity of 10 ab −1 at the Belle II, we found significant sensitivity on branching fractions of the order BR(τ ∓ → X ± l ∓ l ∓ ντ ) ∼ 10 −9 − 10 −8 . We use these sensitivities to set limits for the exclusion regions on the parameter space (mN , |V ℓN | 2 ) associated with the heavy neutrino; such that for a |V ℓN | 2 ∼ O(10 −5 ) at τN = 100 ps, we find the bounds as 0.140 < mN < 1.776 GeV for τ − → X + e − e − ντ and 0.245 < mN < 1.671 GeV for τ − → X + µ − µ − ντ .
I. INTRODUCTION
The neutrino oscillation experiments [1-3] have given indications of physics beyond the Standard Model (SM), one of them is the fact that neutrinos should be particles with nonzero masses [4] . At present, the SM only incorporates left-handed neutrinos ν L in SU (2) L gauge group doubles and as consequence the neutrino mass term cannot be constructed. To include the neutrino mass term in the SM different extensions have been proposed, some of them consider: left-right symmetric gauge theories [5] , models with exotic Higgs representations [6] or R-parity violation interactions (∆L = 1) in Supersymmetry with extra dimensions [7, 8] . In this paper, we focus in the Seesaw Type I mechanism [9] which introduce n righthanded SM singlet neutrino fields N R . These fields allowed to couple to their own charge conjugate field to form Majorana mass terms. This mechanism implies the lepton number violation (LNV), which is one of main feature respect to other models [5] [6] [7] [8] .
The decays in the SM conserve the lepton number, then a signal of LNV is a probe of new physics (NP). Previous studies in Seesaw Type I mechanism consider the number of right-handed singlet neutrino fields as n = 1 [10, 11] to estimate the three-body lepton decays τ − → X + ℓ − ν τ where X = K, D and B and ℓ = e, µ. Furthermore, recent studies also consider four-body decays with an enhancement in the branching fractions [12] [13] [14] .
In this work, we study sensitivity four-body τ lepton decays τ − → X + ℓ − ℓ − ν τ with ℓ = µ or e and X = π, K, ρ or K * and their conjugate decays, at Belle II energies [15] . These decays have been previously study in [14] considering the decay width of the heavy Majorana neutrino as the contribution of low energy tau decays and rare meson decays, with m N ≪ m W . However, we consider the heavy neutrino lifetime of τ N = 5, 100 ps, where the detector has the similar sensitivity as the decays considered in Sec. III. This allows us to extract the limits on |V ℓN | 2 without any additional assumption on the relative size of the mixing matrix elements. Based in the sensitivity of Belle II we can constrain the parameter space (m N , |V ℓN | 2 ). This paper is organized as follow. In Sec. II we study the four-body LNV decays of the τ lepton. The Sec. III contains the experimental sensitivity for these channels at Belle and Belle II experiments. In Sec. IV we present the exclusion regions on the parameter space (m N , |V ℓN | 2 ) of the heavy neutrino that can be achieved from the experimental searched at Belle and Belle II. Finally, our conclusion are given in Sec. V.
II. FOUR-BODY |∆L| = 2 DECAYS OF τ LEPTON
We consider the four-body |∆L| = 2 decays of the τ lepton τ − → X + ℓ − ℓ − ν τ (Fig. 1) , with ℓ = µ or e and X = π, K, ρ or K * . In the framework of Seesaw Type I mechanism and the assumption that only one heavy Majorana neutrino N , these processes occur via the intermediate on-shell Majorana neutrino through the leptonic decay τ − → ν τ ℓ − N followed by the subsequent semileptonic decay N → ℓ − X + , with a kinematically allowed mass range for the corresponding channel, see Table I .
Then, the decays are splitted into two subprocesses and the corresponding branching fraction can be written in the factorized form
with τ N as the timelife of the Majorana neutrino. To obtain the branching fraction of the leptonic subprocess 
we begin from its amplitude which is given by the expression
where G F is the Fermi constant and V ℓN is the coupling of the heavy neutrino N to the charged current of lepton flavor ℓ. Furthermore, using the three-body decay kinematics we compute the decay width which is given as
where the global factor 1/4 implies the identical final state leptons (1/2) and the spin average of the initial particle (1/2); the region of integration for s 12 = (p ν + p ℓ ) 2 and s 13 = (p ν + p N ) 2 are
where we used the Källen function which is denoted by λ(x, y, z) = x 2 + y 2 + z 2 − 2(xy + xz + yz) to write the limits of integration of s ± 13 as
The corresponding momentum scalar product are expressed in the following set of Mandelstam variables
Thereby, the decay width for τ → νℓN can be written as
and the BR(τ − → ν τ ℓ − N ) is then obtained dividing (7) by the total decay width of τ lepton, taken from [16] .
On the other hand, the decay width of Γ(N → ℓ − X + ) is given by the expression
where V CKM uq (with q = d for π and ρ; and q = s for K and K * ) is the up-down Cabibbo-Kobayashi-Maskawa (CKM) matrix element associated to the hadronic vertex X µ , which the corresponding term to the pseudoscalar and vector mesons is
where ǫ µ X is the polarized vector meson. We compute the decay width which is given by the two-body decay kinematics, defined as
where dΩ is the differential solid angle. The corresponding momentum scalar product are expressed in the following form
The total decay width is then obtained by computing the square amplitude (8) and performing the integral (10) . Then, the result for pseudoscalar mesons (X = π, K) is
by the other hand, for vector mesons (X = ρ, K * ) we have
where f X is the hadron decay constant, see Table II . The lifetime of the Majorana neutrino τ N = ℏ/Γ N in Eq. (1) can be obtained by summing over all accessible final states that can be opened at the mass m N [15] . However, in further analysis (Secs. III and IV), we will leave it as a phenomenological parameter accessible to the Belle and Belle II experiments.
III. EXPECTED EXPERIMENTAL SENSITIVITY AT BELLE AND BELLE II
Now, let us provide an estimation of the expected number of events at the SuperKEKB [15] , namely Belle II experiment and its predecessor Belle [17] , for the |∆L| = 2 channels of the τ lepton, τ − → X + ℓ − ℓ − ν τ (with X = π, K, ρ, K * ), discussed above.
A. Belle and Belle II experiments
The SuperKEKB accelerator is upgraded from KEKB [17] and its target luminosity is 8 × 10 35 cm −2 s −1 , 40 times higher than KEKB. SuperKEKB collides electrons and positrons at the Υ(4S) resonance energy, producing a large amount of B meson pairs, a B-factory. However, the cross section of the process e + e − → τ + τ − at the Υ(4S) resonance energy is of the same order as the production of a B pair, then, SuperKEKB is also a τ lepton factory.
Furthermore, the four-body |∆L| = 2 channel of τ − → X + ℓ − ℓ − ν τ decays haven't been studied neither Belle and Belle II. Then, let us provide an estimation of the expected number of events at these experiments, which has the form
where σ(ee → τ τ ) is the production cross section of τ pairs inside the Belle/Belle II geometrical acceptance; L Belle/Belle II int is the integrated luminosity; BR(τ ± → ∆L = 2) correspond to the branching fraction of the given LNV process and ǫ Belle/BelleII D (τ ± → ∆L = 2) is its detection efficiency of the Belle/Belle II detector involving reconstruction, selection, trigger, particle misidentification and detection efficiencies.
The production cross section has been measured to σ(ee → τ τ ) = 0.919 ± 0.003 nb [17] inside the Belle acceptance and for Belle II is expected the same behavior [18] . The proper computation of the detection efficiency requires fully simulated Monte Carlo samples of the exclusive decay, reconstructed in the same way as real Belle/Belle II data. Here, we perform a rough estimation of the detection efficiency, based on extrapolation of detection efficiencies already reported by Belle experiment of similar final states.
The Belle Collaboration has measured the detection efficiency of τ decay modes to be 2.73 ± 0.10% for τ − → π − e + e − ν τ and 4.14 ± 0.16% for τ − → π − µ + µ − ν τ [19] . This measurement includes trigger, tracking, reconstruction, particle identification, and selection efficiency. Given the content of final-state charged tracks, we can consider the τ − → π + e − e − ν τ detection efficiency to be the same as for the τ − → π − e + e − ν τ decays. In the case of τ − → π + µ − µ − ν τ detection efficiency we consider the same as τ − → π − µ + µ − ν τ decays. On the other hand, the reconstruction efficiency is approximately 10% lower for kaon than for pion [20, 21] . Thus, we can multiply the previous efficiencies 2.73 ± 0.10% and 4.14 ± 0.16% by 0.9 for the cases τ − → K + e − e − ν τ and τ − → K + µ − µ − ν τ , respectively. The ρ + reconstruction implies an extra reconstruction of π 0 with a systematic detection error of 3% [22] [23] [24] . The K * + reconstruction efficiency is approximately 95% [21] . In general, we consider efficiencies of 2.457 ± 0.20% and 3.726 ± 0.20% for τ − → X + e − e − ν τ and τ − → X + µ − µ − ν τ , respectively. Also, we have considered three different scenarios, L = 1, 10 and 50 ab −1 , which approximately correspond to the Belle sample collected at the KEKB nominal construction energy of a center of mass of 10.54 GeV. On the other hand, Belle II expect to collect an integrated luminosity of 50 ab −1 . Assuming the above assumptions on efficiency and cross section, figures 2 and 3 shows the number of expected events to be observed in Belle and Belle II experiments as a function of branching fraction for |∆L| = 2 four-body modes of τ lepton. The figure shows black, blue and green functions, corresponding to Belle (1 ab −1 ) and Belle II (10 and 50 ab −1 ), respectively. We found a significant sensitivity at the Belle on branching fraction of the order 10 −9 − 10 −8 for τ − → X + ℓ − ℓ − ν τ . Furthermore, this sensitivity increase in Belle II reaching a branching fraction of the order 10 −10 − 10 −9 .
In the analysis of the next section, we will take a branching fraction of the order of 10 −9 as the conservative and accessible to Belle II and the limit for Belle. Belle II (50 ab −1 ) for τ − → π + e − e − ντ as a function of the branching fraction, for different luminosity values: 1 ab −1 (black), 10 ab −1 (blue) and 50 ab −1 (green). The filled region represent the 1-σ uncertainty. Belle II (50 ab −1 ) for τ − → π + µ − µ − ντ as a function of the branching fraction, for different luminosity values: 1 ab −1 (black), 10 ab −1 (blue) and 50 ab −1 (green). The filled region represent the 1-σ uncertainty..
IV. BOUNDS ON THE PARAMETER SPACE
The experimental non-observation of |∆L| = 2 processes can be reinterpreted as bounds on the parameter space of a heavy sterile neutrino (m N , |V ℓN | 2 ), namely, the squared mixing element |V ℓN | 2 as function of the mass m N . Based on the analysis presented in Sec. III, here, we explore the constraints on the (m N , |V ℓN | 2 ) plane that can be achieved from the experimental searches on τ − → X + ℓ − ℓ − ν τ at the SuperKEKB, namely the Belle II experiment as well as its predecessor Belle.
From Eqs. (1), (7) and (12) or (13) , it is straightforward to obtain the relation
We will consider the heavy neutrino lifetime of τ N = 5, 100 ps, which corresponds to an average flight distance of up to 30 mm, well inside the Belle vertex detector [17] . This will allows us to extract the limits on |V ℓN | 2 without any additional assumption on the relative size of the mixing matrix elements.
Considering an expected Belle II sensitivity on the branching fractions of the order BR(τ − → X + ℓ − ℓ − ν τ ) < 10 −9 for 10 ab −1 , in Figs. (4) and (6) we show the exclusion regions on the (m N , |V eN | 2 ) plane obtained from future searches on τ − → X + e − e − ν τ at 5 and 100 ps, respectively. In Figs. (5) and (7) we show the exclusion regions for the corresponding (m N , |V µN | 2 ) on τ − → X + µ − µ − ν τ at 5 and 100 ps, respectively. In Figs. (4) and (5), we can observe that the most restrictive bound is given by τ − → π + e − e − ν τ and τ − → π + µ − µ − ν τ , respectively. Which can reach |V ℓN | 2 ∼ O(10 −4 ) at τ N = 5 ps and |V ℓN | 2 ∼ O(10 −5 ) at τ N = 100 ps for a large mass window of [0.140, 1.776] GeV for τ − → π + e − e − ν τ and [0.245, 1.671] GeV for τ − → π + µ − µ − ν τ . 
|V
Exclusion region on the (mN , |VµN | 2 ) plane for BR(τ − → X + µ − µ − ντ ) < 10 −9 (with X = π, K, ρ or K * ). These regions represent the bounds obtained for heavy neutrino lifetime of τN = 100 ps.
V. CONCLUSIONS
We have explored a τ search to track the possible signals of lepton-number-violation at the Belle and Belle II experiments, due to the considerably tau pair production. We studied the four-body |∆L| = 2 decays of the τ lepton, τ − → X + ℓ − ℓ − ν τ (X = π, K, ρ, K * ), induced by an on-shell Majorana neutrino N with a mass of few GeV and lifetime of τ N = 5, 100 ps, well inside the Belle vertex detector. This to extract the limits on |V ℓN | 2 without any additional assumption on the relative size of the mixing matrix elements. We performed an exploratory study on the potential sensitivity that Belle II experiment that could achieve for these |∆L| = 2 processes as well as the limit for Belle experiment. For a long term expected integrated luminosity at Belle II of 10 ab −1 , we found that branching fractions of the order O(10 −9 ) might be feasible. Such sensitivity will allow to cover a neutrino mass window of 0.140 < m N < 1.776 GeV for τ − → X + e − e − ν τ and 0.245 < m N < 1.671 GeV for τ − → X + µ − µ − ν τ corresponding to a squared mixing element |V ℓN | 2 ∼ O(10 −5 ) at τ N = 100 ps. ACKNOWLEDGMENTS Support for this work has been received in part by Consejo Nacional de Ciencia y Tecnología grant number A1-S-33202. 
